Abstract: For arbitrary triangular control meshes, a surface algorithm based-on bivariate box-spline is developed.
. , CAGD .
6 . ,
: TP391 : A
Introduction
Triangular splines were first considered by Sabin in 1977, and later they were found to be 'box-splines' [1] . With the standard algorithm cannot be used directly. It is necessary to transform the standard algorithm for arbitrary triangular meshes.
Loop subdivision [8] can be applied over triangular meshes, but it appears somewhat difficult for interpolation.
Smooth subdivision interpolations to scattered data [9−11] are excellent for triangular meshes. Subdivision algorithms lead to limit surfaces. However, in engineering practice precise coordinates of points are necessary.
Kolb and Seidel [12] , Li [13] discussed functional surfaces interpolations. The former is based on Nielson's minimum norm network without convex hull property, and the later is a convex preserving interpolation including a kind of complicated nonlinear optimization process.
Ueshiba and Roth [14] , Loop [15] presented respectively creations of G 1 surfaces with Bézier patches over closed meshes of triangular meshes. The convex hull property, very important one, is ignored there.
Starting from the standard bivariate quartic box-splines surface algorithm, this paper proposes an algorithm for arbitrary triangular control meshes. The created surfaces are piecewise C 1 , geometric invariant, convex preserving and local for computation.
Surfaces of Bivariate 3-Directional Quartic Box-Splines
The analytical definition of box-spline is given as:
For a given B s×n , each row of which ∈R s \0. Its box-spline M A can be defined by the following distribution More basic properties of box splines can be referred to Ref. [3] and will not be stated here. Bivariate 3-directional quartic box-splines (hereafter noted as M) are defined on Bivariate 3-directional subdivision. In the light of the inductive definition of box-splines, it is the convolution of two Courant hat functions, i.e.
. It is a bivariate function of piecewise quartic polynomials as shown in Fig.1 (left, right is its support).
Taking M as basic functions, a bivariate 3-directional surface can be defined as: u∈R
(1,-1) Fig.1 Bivariate 3-directional quartic box splines
Surfaces for Arbitrary Triangulations
For a de Boor point d j , its 1-neighborhood is defined as the set of all points indented to it. For a triangle, its 1-neighborhood is defined as the union of 1-neighborhoods of its 3 vertices. The valence V j of d j is defined as the number of all points in its 1-neighborhood. In the following, a surface algorithm will be clarified for meshes with de
Boor points of arbitrary valences.
Algorithm
As a triangle ∆d 0,0 d 1,0 d 1,1 of control mesh is concerned (see Fig.2 ), the patch in the surface corresponds to the parametric domain S: 0≤v≤u≤1. After a simple analysis, M j (M j =M(u−j)) restricted to the triangle is zero for js, which are not in the set of the listed 12 index pairs as shown in Figure 2 . In other words, a triangular patch in the surface is entirely determined by 3 vertices of its control triangle and 9 de
Boor points around the triangle, and its 1-neighborhood. So, for a control mesh, the whole surface can be generated patch by patch.
(1,2) (2,2) 
Each triangle has such a relevant point matrix. 
Analysis of the algorithm
As an approximation of the de Boor control mesh, the surface S(u) is a piecewise polynomial surface. It is clear that S(u) holds geometric invariant, local properties, etc. Lemma. For S and S , at the boundary (
Proof: From the symmetry of M and boundary condition, it is clear that: 
Through comparing the coefficients of the same points in the two formulae, S and is C 2 at the boundary according to the lemma. 
and Making use of the lemma and Eqs. (4) and (5), let the coefficients in Eqs. (6) and (7) : and
Note that: 
With the relation between α 0,0 and M −1,−1 in Eq. (2) , and that between , but for other kinds of boundary, the sameconclusions can be obtained. So, it can be summarized that: for an arbitrary triangular control mesh, its surface by the algorithm is piecewise C 1 .
Interpolation
It is very easy to apply the algorithm to global or local interpolation. From the algorithm, it is easy to find that point P i related to de Boor point d i is determined as
Where I i is the 1-neiborhood of d i . So the equation AD=P is constructed, where 2 
Experiments
The first example is shown in Fig.6 . The third example is for a global interpolation. The original point-set contains 8 102 sampled points from a man face model. Then it is triangulated with the method in Ref. [16] . The resulted triangulation is of arbitrary random point valences. As shown in Fig.8 , based on the triangulation, the interpolative surface is reconstructed by the algorithm. The relative error is 0.033. More detailed discussion can be found in Ref. [17] . 
Conclusions
The analysis and experiments indicate that the surface algorithm proposed in this paper can be applied to arbitrary triangular control meshes for approximation, global and local interpolation. Surface generated by the algorithm holds a better smoothness as a whole. It is piecewise C 1 and C 2 in the inner of each patch. In addition, surfaces by the algorithm hold the convex-preserving property.
Future work may lie in algorithm excellence in global or local interpolative surfaces for open triangulations.
This is involved in how to build pseudo boundaries.
